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When using the second method of Liapunov in investigating the problem of
stability of motion of a gyroscopic stabilizing system installed on a
ship performing complex manoeuvers, it is necessary to construct Liapuncov’'s
function for variational equations. These equations in this case will
constitute a system of linear differential equations with variable coeffi-
cients. Successful methods of constructing Liapunov functions for such
systems are given by Chetaev [ 1 ]. Boundaries of the stable regions ob-
tained by means of these methods are investigated by Razumikhin [2]. In
the paper by Roitenberg [3 ] (closely related to the two mentioned above)
the Liapunov function is constructed by first transforming the original
system of differential equations to new variables which are coordinates
of some auxiliary system of differential equations, Utilizing this method,
let us construct the Liapunov function for the differential equations of
the gyroscopic system under consideration having the following form:

1+ a — fi({f)za =0, xy — ¥z + f1(8) 2 — mgxs = 0
— f1 (8) &y 4 myxg -+ 7, - mgry =0, Nltyows + 2 — [mg - fa(t)fzy=0 (1)
myxy -+ 25"+ msrs =0

Here Xys +ees x5 ATE coordinates of the system, My, <.v, mg Are cOn-
stant coefficients, fl(t) and fz(t) are some time functions dependent on
the ship’'s movement.

Let us transform the system of equations (1) to the new variables
fi(i =1, ..., B); these variables are the coordinates of the system of
linear differential equations with constant coefficients obtained from
the system (1) when fi(e) = fz(t) = 0,

For real values of the parameters, the characteristic equation of the
above system of differential equations with constant coefficients shall
have one real root and two pairs of complex roots which may be denoted
as follows:

1623



1624 I.Z. Pirogov

Ay == %, Ao, hg= g5 - iy, Ay, A== gy - g

()
Variables fi are determined from the following relationships [ 3 ]
2 =" (% -+ mg) £ 4 8 (8¢ -+ ms) — 0,2 £s + (281 4 ms) oy
ny my iy
xzz_x+m;,gl s;—%—mai o1 g,
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. 1 " R
ry =gy, Ty = (2254 + waks), @y = £+ & (3)

New variables ‘fi shall satisfy the following differential equations
dg,
i = 5y - f1 (8) {e1s€a + c1585)
d£2 = 152 -+ 1&g 4 f1 (£} (€248 + c25%s5

dig = g183 — w1y + fi1 (1) (casBy -+ c3:85) (4)
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Let us use the following definite negative function as Liapunov’'s
function:
. 1 24 co pe .
Vo — - [P1E% - pa (82 + E3%) + pg (542 + E5%)] (6)

where p,, p,, 3 are some positive constant coefficients.

Differentiating
(6) with respect to time we obtain
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V= [pl-‘g]—&—?*[’ (dizg d&:g “)—FPs( ‘%45 _;_d"‘ >:l {0

After substituting the values of dfi/dt(i =1, ..., 5) from equations
(4) into (7), we have

= anfy? + 20ofe® + asals? + aaale® + assks® 4 2ausft (1) E18a + Zansf (8) Eas
4 209471 (2) EoEyg + 2aasf1 (£) Eobs + 2834/ (1) Esa + 2ansf1 (1) Esls + 2aasf2 (1) a5 (8)

where
Uyy == — Py,  dga = Qgy == -~ P8y, aga == — P [82 4 caaf2 ()], ass = — ps[es + €ssf2 (1)]
UI¢=——£—1}:~}4‘—TE—_—M, alsxwm, Qog== Pz_cng-‘)"P__:g_C_g (135:—@&“15.%;;_@
gq = — P20 -L— Pslas | g5 = — F2635 + PaCss agp = — P8 (‘"45‘)'{‘ C54) (4

The discriminant of the quadratic form (8) is as follows:

[ en 0 0 ausfi{t)  awsf1(t)
| 0 Ggg 0 azef1 (2) agsf1 ()
D= ‘ 0 0 ass asaf1 ()  assfi(t) t10y
| a1 (80 asafi (8)  agafa () Qay agsfz (1)
Pasfi(t)  awsfr(t)  agh{l)  assfe (D ass |

The sufficient conditions of asymptotic stability for the system (1)
are constituted by the requirement that V' must be a positive definite
quadratic form. The sufficient and necessary condition for this require-
ment to be satisfied is constituted by the requirement that all diagonal
minors of D.(i = 1, ..., 5) of the discriminant (10) be always positive
for any value of time ¢, i.e. that for any t the following inequalities
be satisfied

Dy=—pm >0, Dy = pypare; >0, Dy = — p1p,®xs;%2 > 0
Dy = p1ps®res®agy — po [Paa1s? -+ prean (a2s® 4 ag?®)] 112> 0

Dj == {~ py% (224235 — Qo534)® — Pos1 {(a14855 —a15 a36)® + (@12095 — 815024)%]} 2 —
— P2 {8qq [P1xer {a3s® + ags®) + poer®ays®] - ass [ pixe; (a%4 + @24%) + Poti?a1s®] —
— 2 [ prxe; (ass0s5 + Qoqttas) + PeBi®@ists] asfa} f17 — Prpe®ei? (aeass — 845%2Y) > 0

Let us construct the stability regiom in the f, f,-plane. In order to
maximize this region, let us vary values of the coefficients Pys Py and
py in the Liapunov function (6). For the following values of the para-
meters of the system (1)

m, = 1.54 x 1078 sec?, m, = 0.924 x 107% sec?, g = 6x 10~? sec™?,
m, = 25.974, mg = 1077 sec™!
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the optimum values of the variable coefficients are as follows:

=04,  po=1,  ps=0.127

The inequalities (11) are satisfied in the following region

[ A1) ] 0.75-10-%gec™t, [ ()| <2 (12)

These inequalities (12) define a region inside which the functions

fl(t) and fz(t) may vary arbitrarily without introducing instability into
the gyroscopic system under consideration.

It follows from the Hurwitz criterion that for f1 = const, f2 = const,

the system will be stable in the region

[Al<1.24-10-3gect, frals2
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